
Language: Polish

Day: 1

❲t♦r❡❦✱ ✷✸✳ ❧✐♣❝❛ ✷✵✶✸

❩❛❞❛♥✐❡ ✶✳ ❲②❦❛③❛➣✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥ ♣❛r② ❞♦❞❛t♥✐❝❤ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ k ♦r❛③ n ✐st♥✐❡❥❡ k ✭♥✐❡❦♦♥✐❡❝③♥✐❡
ró➺♥②❝❤✮ ❞♦❞❛t♥✐❝❤ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ m1,m2, . . . ,mk s♣❡➟♥✐❛❥→❝②❝❤ ró✇♥♦➧➣
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❩❛❞❛♥✐❡ ✷✳ ❑♦♥✜❣✉r❛❝❥➛ 4027 ♣✉♥❦tó✇ ♥❛ ♣➟❛s③❝③②➵♥✐❡ ♥❛③✇✐❡♠② ❦♦❧✉♠❜✐❥s❦→✱ ❥❡➧❧✐ s❦➟❛❞❛ s✐➛ ♦♥❛ ③
2013 ❝③❡r✇♦♥②❝❤ ♣✉♥❦tó✇ ✐ 2014 ♥✐❡❜✐❡s❦✐❝❤ ♣✉♥❦tó✇✱ ♦r❛③ ➺❛❞♥❡ tr③② ♣✉♥❦t② ♥❛❧❡➺→❝❡ ❞♦ ❦♦♥✜❣✉r❛❝❥✐
♥✐❡ ❧❡➺→ ♥❛ ❥❡❞♥❡❥ ♣r♦st❡❥✳ ❩❜✐ór ♣r♦st②❝❤ ♥❛ ♣➟❛s③❝③②➵♥✐❡ ❞③✐❡❧✐ ♣➟❛s③❝③②③♥➛ ♥❛ ♣❡✇♥→ ❧✐❝③❜➛ ♦❜s③❛✲
ró✇✳ P♦✇✐❡♠②✱ ➺❡ ③❜✐ór ♣r♦st②❝❤ ❥❡st ❞♦❜r② ❞❧❛ ♣❡✇♥❡❥ ❦♦❧✉♠❜✐❥s❦✐❡❥ ❦♦♥✜❣✉r❛❝❥✐✱ ❥❡➧❧✐ ♥❛st➛♣✉❥→❝❡ ❞✇❛
✇❛r✉♥❦✐ s→ s♣❡➟♥✐♦♥❡✿

• ➺❛❞♥❛ ♣r♦st❛ ♥✐❡ ♣r③❡❝❤♦❞③✐ ♣r③❡③ ➺❛❞❡♥ ♣✉♥❦t ♥❛❧❡➺→❝② ❞♦ ❦♦♥✜❣✉r❛❝❥✐❀

• ➺❛❞❡♥ ♦❜s③❛r ♥✐❡ ③❛✇✐❡r❛ ♣✉♥❦tó✇ ♦❜✉ ❦♦❧♦ró✇✳

❲②③♥❛❝③②➣ ♥❛❥♠♥✐❡❥s③→ ❧✐❝③❜➛ ❝❛➟❦♦✇✐t→ k t❛❦→✱ ➺❡ ❞❧❛ ❦❛➺❞❡❥ ❦♦❧✉♠❜✐❥s❦✐❡❥ ❦♦♥✜❣✉r❛❝❥✐ 4027 ♣✉♥❦tó✇
✐st♥✐❡❥❡ ❞♦❜r② ③❜✐ór k ♣r♦st②❝❤✳

❩❛❞❛♥✐❡ ✸✳ ❖❦r→❣ ❞♦♣✐s❛♥② ❞♦ tró❥❦→t❛ ABC ♥❛♣r③❡❝✐✇❦♦ ✇✐❡r③❝❤♦➟❦❛ A ❥❡st st②❝③♥② ❞♦ ❜♦❦✉ BC

✇ ♣✉♥❦❝✐❡ A1✳ P✉♥❦t B1✱ ❧❡➺→❝② ♥❛ ❜♦❦✉ CA✱ ♦r❛③ ♣✉♥❦t C1✱ ❧❡➺→❝② ♥❛ ❜♦❦✉ AB✱ s→ ③❞❡✜♥✐♦✇❛♥❡
❛♥❛❧♦❣✐❝③♥✐❡ ♣r③② ✉➺②❝✐✉ ♦❦r➛❣ó✇ ❞♦♣✐s❛♥②❝❤ ♥❛♣r③❡❝✐✇❦♦ ✇✐❡r③❝❤♦➟❦ó✇ B ♦r❛③ C✱ ♦❞♣♦✇✐❡❞♥✐♦✳ Pr③②✲
♣✉➧➣♠②✱ ➺❡ ➧r♦❞❡❦ ♦❦r➛❣✉ ♦♣✐s❛♥❡❣♦ ♥❛ tró❥❦→❝✐❡ A1B1C1 ❧❡➺② ♥❛ ♦❦r➛❣✉ ♦♣✐s❛♥②♠ ♥❛ tró❥❦→❝✐❡ ABC✳
❲②❦❛③❛➣✱ ➺❡ ✇ó✇❝③❛s tró❥❦→t ABC ❥❡st ♣r♦st♦❦→t♥②✳

❖❦r➛❣✐❡♠ ❞♦♣✐s❛♥②♠ ❞♦ tró❥❦→t❛ ABC ♥❛♣r③❡❝✐✇❦♦ ✇✐❡r③❝❤♦➟❦❛ A ♥❛③②✇❛♠② ♦❦r→❣ st②❝③♥② ❞♦ ♦❞✲

❝✐♥❦❛ BC ♦r❛③ ❞♦ ♣r③❡❞➟✉➺❡➠ ❜♦❦ó✇ AB ✐ AC ③❡ str♦♥② B ✐ C✱ ♦❞♣♦✇✐❡❞♥✐♦✳ ❖❦r➛❣✐ ❞♦♣✐s❛♥❡ ♥❛♣r③❡❝✐✇❦♦

✇✐❡r③❝❤♦➟❦ó✇ B ✐ C s→ ③❞❡✜♥✐♦✇❛♥❡ ❛♥❛❧♦❣✐❝③♥✐❡✳

▲❛♥❣✉❛❣❡✿ P♦❧✐s❤ ❈③❛s tr✇❛♥✐❛ ③❛✇♦❞ó✇✿ ✹ ❣♦❞③✐♥② ✐ ✸✵ ♠✐♥✉t

❩❛ ❦❛➺❞❡ ③❛❞❛♥✐❡ ♠♦➺♥❛ ♦tr③②♠❛➣ ✼ ♣✉♥❦tó✇



Language: Polish

Day: 2

➅r♦❞❛✱ ✷✹✳ ❧✐♣❝❛✱ ✷✵✶✸

❩❛❞❛♥✐❡ ✹✳ ❲②s♦❦♦➧❝✐ tró❥❦→t❛ ♦str♦❦→t♥❡❣♦ ABC ♣r③❡❝✐♥❛❥→ s✐➛ ✇ ♣✉♥❦❝✐❡ H✳ P✉♥❦t W ❧❡➺② ♥❛
❜♦❦✉ BC ♦r❛③ ❥❡st ró➺♥② ♦❞ ♣✉♥❦tó✇ B ✐ C✳ ◆✐❡❝❤ M ♦r❛③ N ❜➛❞→ s♣♦❞❦❛♠✐ ✇②s♦❦♦➧❝✐ tró❥❦→t❛ ABC

♦♣✉s③❝③♦♥②❝❤ ♦❞♣♦✇✐❡❞♥✐♦ ③ B ♦r❛③ ③ C✳ ◆✐❡❝❤ ω1 ❜➛❞③✐❡ ♦❦r➛❣✐❡♠ ♦♣✐s❛♥②♠ ♥❛ tró❥❦→❝✐❡ BWN ✱ ③❛➧ X
t❛❦✐♠ ♣✉♥❦t❡♠ ♥❛ ω1✱ ➺❡ ♦❞❝✐♥❡❦ WX ❥❡st ➧r❡❞♥✐❝→ ♦❦r➛❣✉ ω1✳ ❆♥❛❧♦❣✐❝③♥✐❡✱ ♥✐❡❝❤ ω2 ❜➛❞③✐❡ ♦❦r➛❣✐❡♠
♦♣✐s❛♥②♠ ♥❛ tró❥❦→❝✐❡ CWM ✱ ③❛➧ Y t❛❦✐♠ ♣✉♥❦t❡♠ ♥❛ ω2✱ ➺❡ ♦❞❝✐♥❡❦ WY ❥❡st ➧r❡❞♥✐❝→ ♦❦r➛❣✉ ω2✳
❯❞♦✇♦❞♥✐➣✱ ➺❡ ♣✉♥❦t② X✱ Y ♦r❛③ H ❧❡➺→ ♥❛ ❥❡❞♥❡❥ ♣r♦st❡❥✳

❩❛❞❛♥✐❡ ✺✳ ◆✐❡❝❤ Q>0 ♦③♥❛❝③❛ ③❜✐ór ❞♦❞❛t♥✐❝❤ ❧✐❝③❜ ✇②♠✐❡r♥②❝❤✳ ◆✐❡❝❤ f : Q>0 → R ❜➛❞③✐❡ ❢✉♥❦❝❥→
s♣❡➟♥✐❛❥→❝→ ♥❛st➛♣✉❥→❝❡ tr③② ✇❛r✉♥❦✐✿

✭✐✮ f(x)f(y) ≥ f(xy) ❞❧❛ ✇s③②st❦✐❝❤ x, y ∈ Q>0❀

✭✐✐✮ f(x+ y) ≥ f(x) + f(y) ❞❧❛ ✇s③②st❦✐❝❤ x, y ∈ Q>0❀

✭✐✐✐✮ ✐st♥✐❡❥❡ ❧✐❝③❜❛ ✇②♠✐❡r♥❛ a > 1 ❞❧❛ ❦tór❡❥ f(a) = a✳

❲②❦❛③❛➣✱ ➺❡ f(x) = x ❞❧❛ ✇s③②st❦✐❝❤ x ∈ Q>0✳

❩❛❞❛♥✐❡ ✻✳ ◆✐❡❝❤ n ≥ 3 ❜➛❞③✐❡ ❧✐❝③❜→ ❝❛➟❦♦✇✐t→✳ ◆❛ ♦❦r➛❣✉ ③❛③♥❛❝③♦♥♦ n+1 ♣✉♥❦tó✇ ❞③✐❡❧→❝②❝❤ ♦❦r→❣
♥❛ ➟✉❦✐ ró✇♥❡❥ ❞➟✉❣♦➧❝✐✳ ❘♦③✇❛➺♠② ✇s③②st❦✐❡ ♠♦➺❧✐✇❡ ❡t②❦✐❡t♦✇❛♥✐❛ t②❝❤ ♣✉♥❦tó✇ ❧✐❝③❜❛♠✐ 0, 1, 2, . . . , n
t❛❦✐❡✱ ➺❡ ❦❛➺❞❛ ③ t②❝❤ ❧✐❝③❜ ❥❡st ✉➺②t❛ ❞♦❦➟❛❞♥✐❡ r❛③✳ ❉✇❛ ❡t②❦✐❡t♦✇❛♥✐❛ ✉③♥❛❥❡♠② ③❛ ❥❡❞♥❛❦♦✇❡✱ ❥❡➧❧✐
❥❡❞♥♦ ③ ♥✐❝❤ ♠♦➺♥❛ ♦tr③②♠❛➣ ③ ❞r✉❣✐❡❣♦ ♣♦♣r③❡③ ♦❜rót ♦❦r➛❣✉✳ ❊t②❦✐❡t♦✇❛♥✐❡ ♥❛③✇✐❡♠② ♣✐➛❦♥②♠✱ ❥❡➧❧✐
❞❧❛ ❦❛➺❞❡❥ ❝③✇ór❦✐ ❡t②❦✐❡t a < b < c < d s♣❡➟♥✐❛❥→❝②❝❤ a+d = b+c✱ ❝✐➛❝✐✇❛ ➟→❝③→❝❛ ♣✉♥❦t② ♦ ❡t②❦✐❡t❛❝❤
a ♦r❛③ d ♥✐❡ ♣r③❡❝✐♥❛ ❝✐➛❝✐✇② ➟→❝③→❝❡❥ ♣✉♥❦t② ♦ ❡t②❦✐❡t❛❝❤ b ♦r❛③ c✳

◆✐❡❝❤ M ❜➛❞③✐❡ ❧✐❝③❜→ ♣✐➛❦♥②❝❤ ❡t②❦✐❡t♦✇❛➠✳ ◆✐❡❝❤ N ❜➛❞③✐❡ ❧✐❝③❜→ ✉♣♦r③→❞❦♦✇❛♥②❝❤ ♣❛r (x, y)
❞♦❞❛t♥✐❝❤ ❧✐❝③❜ ❝❛➟❦♦✇✐t②❝❤ s♣❡➟♥✐❛❥→❝②❝❤ x+ y ≤ n ♦r❛③ ◆❲❉(x, y) = 1✳ ❯❞♦✇♦❞♥✐➣✱ ➺❡

M = N + 1.

▲❛♥❣✉❛❣❡✿ P♦❧✐s❤ ❈③❛s tr✇❛♥✐❛ ③❛✇♦❞ó✇✿ ✹ ❣♦❞③✐♥② ✐ ✸✵ ♠✐♥✉t
❩❛ ❦❛➺❞❡ ③❛❞❛♥✐❡ ♠♦➺♥❛ ♦tr③②♠❛➣ ✼ ♣✉♥❦tó✇


